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Abstract
It is shown that every l.s.c. closed-and-convex valued mapping Φ :X → 2Y , where X is a
hereditarily collectionwise normal and countably paracompact space and Y is a reflexive Banach
space has a single-valued continuous selection.
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1. Introduction
The main purpose of this note is to establish the following theorem:
Theorem 1. Let X be a hereditarily collectionwise normal and countably paracompact
space, Y be a reflexive Banach space, and Φ :X → 2Y be an l.s.c. closed-and-convex
valued mapping. Then Φ has a single-valued continuous selection.
Our interest to the above result was provoked by the following Conjecture due to
Choban et al. [1].
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Conjecture 1 (Choban, Gutev, Nedev). For every T1-space X the following (a) and (b) are
equivalent:
(a) X is strongly normal (i.e., collectionwise normal and countably paracompact);
(b) Every l.s.c. closed-and-convex valued mapping Φ :X → 2Y , where Y is a Hilbert
space, has a single-valued continuous selection.
The implication (b) ⇒ (a) in the above Conjecture is true and relatively easy
to establish, while the implication (a) ⇒ (b) is still an open question. If proved,
Conjecture 1 would present a characterization of strong normality by means of selections,
completely analogous to the famous characterization of paracompactness due to Michael
[5, Theorem 3.2′′].
Let us mention that there are many results confirming Conjecture 1 in different
directions (see [1,8–10]).
Our proof of Theorem 1 is based on Theorem 2 below.
Theorem 2. Let X be a hereditarily collectionwise normal and countably paracompact
space. Then every weak θ -cover of X has an open locally finite refinement.
Theorem 2 in turn, is an obvious consequence of the “only if” part of the following
characterization of strong normality due to Smith:
Theorem 3 (Smith [11]). A space X is strongly normal iff every weak θ -cover of X has an
open locally finite refinement.
The reason that we state, prove and use Theorem 2 instead of merely using Theorem 3
is the incompleteness we have found in Smith’s proof of Theorem 3, an incompleteness
we still do not know how to remove. Yet, let us emphasize, that our proof of Theorem 1, if
based on Theorem 3 and not on Theorem 2, would establish Conjecture 1.
More precisely, we will prove the following:
Proposition 1. Let the T1-space X be such that every weak θ -cover of X has an open
locally finite refinement, Y be a reflexive Banach space and Φ :X → 2Y be an l.s.c. closed-
and-convex valued mapping. Then Φ has a single valued continuous selection.
Obviously, our main result (Theorem 1) follows immediately by the above Proposition
and Theorem 2.
The paper is organized as follows: The next section collects the necessary definitions
and notations. Sections 3 and 4 contain the proofs of Proposition 1 and Theorem 2,
respectively. In the last section an example is given to show that Theorem 1 provides
another partial solution to Conjecture 1.
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2. Notations and terminologyLet Y be a Banach space. We put Br = {y ∈ Y : ‖y‖ < r}, for every r  0, Bε(y) = {z ∈
Y : ‖z − y‖ < ε} for every y ∈ Y and ε > 0.
A norm ‖ · ‖ in Y is locally uniformly rotund (LUR for short) if (limn→∞ ‖yn‖ = ‖y‖
and limn→∞ ‖yn + y‖ = 2‖y‖) implies (limn→∞ ‖yn − y‖ = 0). (Equivalently, the norm
‖ · ‖ is LUR if (‖yn‖ = ‖y‖ for each n ∈ N and limn→∞ ‖yn + y‖ = 2‖y‖) implies
(limn→∞ ‖yn − y‖ = 0).)
Note, in virtue of the famous Troyanski’s renorming theorem [12], every reflexive
Banach space admits an equivalent (i.e., generating the same topology) LUR norm.
If A is a set, then 2A denotes the set of all nonempty subsets of A. If X and Y are
topological spaces, a set-valued mapping Φ :X → 2Y is called lower semi-continuous
(l.s.c. for short) if Φ−1(U) = {x ∈ X: Φ(x)∩ U = ∅} is open in X for every open U ⊂ Y .
A mapping ψ :X → Y is called a selection for Φ if ψ(x) ∈ Φ(x) for every x ∈ X.
Let G andO be two collections of subsets of X. We say thatO refines G if every element
ofO is a subset of some element of G. If G is a cover of X we say thatO is a refinement of
G ifO is a cover of X refining G. A T2-space X is paracompact [3] (respectively, countably
paracompact) if every open cover (respectively, every countable open cover) of X has an
open locally finite refinement. A T1-space is collectionwise normal [2] if every discrete
family of its closed subsets can be separated by a disjoint family of open subsets. A space
X is hereditarily (collectionwise) normal if every subspace of X is (collectionwise) normal.
We use all conventional notations as N—to denote the set of the natural numbers,Q—to
denote the set of the rational numbers, etc.
Let O be a family of subsets of a space X and x ∈ X. The cardinality of the set
{O ∈O: x ∈ O} is called the order of O at x .
Definition 1. An open cover G of a space X is called a weak θ -cover of X if the following
holds:
(1) G =⋃{Gi : i = 1,2, . . .};
(2) For every x ∈ X there exists i(x) ∈N such that Gi(x) has a positive finite order at x .
3. Proof of Proposition 1
According to the Michael’s technique in [5], to construct a single-valued continuous
selection for Φ , it suffices for every ε > 0 to find a locally finite open refinement of X
that refines {Φ−1(Bε(y)): y ∈ Y }. To this end, since every weak θ -cover of X has an open
locally finite refinement, it is sufficient to prove the following
Lemma 1. Let X be a topological space, Y be a reflexive Banach space and Φ :X → 2Y be
an l.s.c. closed-and-convex valued mapping. Then, for every ε > 0, there is a weak θ -cover
of X that refines {Φ−1(Bε(y)): y ∈ Y }.
Proof. We need the following easy fact:
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Claim 1. Let Y be a reflexive Banach space with a LUR norm ‖ ·‖, L be a nonempty closed
and convex subset of Y and m(L) be the point of L with the smallest norm. Then, for every
δ > 0, there exists r > ‖m(L)‖, such that diam(L∩ Br) < δ.
Proof. It is well known that every nonempty closed and convex subset of a reflexive
Banach space with a LUR norm has a unique point with the smallest norm (see, for
instance, [10, Lemma 4.1]).
Put rn = ‖m(L)‖ + 1n and suppose that there exists δ > 0 such that for every n ∈ N
one can find yn ∈ L ∩ Brn with ‖yn − m(L)‖  δ. Since L ∩ Brn is convex, we have
yn+m(L)
2 ∈ L ∩ Brn . Hence ‖m(L)‖  ‖ yn+m(L)2 ‖ < rn = ‖m(L)‖ + 1n , which implies
limn→∞ ‖ yn+m(L)2 ‖ = ‖m(L)‖. Similarly, ‖m(L)‖  ‖yn‖ < rn = ‖m(L)‖ + 1n implies
limn→∞ ‖yn‖ = ‖m(L)‖. Since ‖ · ‖ is LUR, the last two equalities imply limn→∞ ‖yn −
m(L)‖ = 0. This contradicts to the assumption that ‖yn −m(L)‖ δ for every n ∈N. 
Now, turning back to the proof of Lemma 1, let ε > 0 and Uε be a locally finite
open cover of Y refining {Bε(y): y ∈ Y }. We put Uε(r) = {Br ∩ U : U ∈ Uε} for every
r > 0. Since Uε is locally finite, for any point x ∈ X there exists δ(x) > 0 such that
Bδ(x)(m(Φ(x))) meets only finitely many elements of Uε . By Claim 1, there exists
r(x) > ‖m(Φ(x))‖ with Φ(x) ∩ Br(x) ⊂ Bδ(x)(m(Φ(x))). Therefore Φ(x) ∩ Br(x) meets
finitely many elements of Uε and hence Φ(x) meets finitely many elements (at least one)
of Uε(r(x)).
Observe that for any number r (rational in particular) with ‖m(Φ(x))‖ < r < r(x) we
also have diam(Φ(x) ∩ Br) < δ(x). Thus without loss of generality we can assume that,
for any x ∈ X, r(x) is a rational number.
The family O =⋃{Or : r > 0, r ∈ Q}, where Or = {Φ−1(U): U ∈ Uε(r)} for every
positive r ∈ Q, is a weak θ -cover of X refining {Φ−1(Bε(y)): y ∈ Y }. Indeed, since⋃{Uε(r): r > 0, r ∈ Q} is an open refinement of {Bε(y): y ∈ Y }, we have that O is
open (in X) refinement of {Φ−1(Bε(y)): y ∈ Y }. It only remains to verify condition 2 of
Definition 1. Let x ∈ X. Since Φ(x) meets finitely many elements of Uε(r(x)), we have
that x belongs to finitely many elements (at least one) of Or(x). 
4. Proof of Theorem 2
Let G be a weak θ -cover of X. By Definition 1, G =⋃∞i=1 Gi , where each Gi = {Gα: α ∈
Ai} is a family of open subsets Gα of X, and for every x ∈ X there exists i(x) ∈ N such
that Gi(x) has a positive finite order at x .
For every k ∈ N we set Pk = {x ∈ X: i(x) = k}. Obviously ⋃{Pk: k = 1,2, . . .} = X.
Moreover, Gk has a positive finite order at every x ∈ Pk . Hence the family Wk =
{Pk ∩ Gα: α ∈Ak}, consisting of the traces of the elements of Gk in Pk , is a point finite
and open (in Pk) cover of Pk . Since Pk is collectionwise normal as a subspace of X, there
exists a refinement Vk =⋃{Vk,n: n = 1,2, . . .} of Wk where Vk,n = {Vα: α ∈Ak,n} is an
open and discrete in Pk family for every n ∈N (see [4, the proof of Theorem 2]).
Let α ∈Ak,n. On the one hand, since Vα is an open subset of Pk , there is an open in
X set Tα with Vα = Tα ∩ Pk . On the other hand, the closure in X of the set ⋃{Vγ : γ ∈
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{Vγ : γ ∈Ak,n, γ = α}. ()
Obviously, the set T =⋃{Tα: α ∈ Ak,n} is open in X. Furthermore, the family Vk,n is
discrete in T . Indeed, if x ∈ T , then there is α ∈Ak,n with x ∈ Tα and () implies that Tα
is a neighborhood of x meeting no element of Vk,n except Vα . Since T , as a subspace of
X, is collectionwise normal, there exists a disjoint family Ok,n = {Oα : α ∈Ak,n} of open
subsets Oα of T such that Vα ⊂ Oα for every α ∈ Ak,n. Since Vk,n refines Gk , we may
assume that Ok,n refines Gk as well. Then Ok =⋃{Ok,n: n = 1,2, . . .} is an open in X
cover of Pk that refines Gk . ThereforeO =⋃{Ok: k ∈N} is an open refinement of G.
We set O∗k,n =
⋃Ok,n for every k,n ∈ N. Since X is countably paracompact, we can
find an open locally finite refinement {Dk,n: k,n ∈N} of {O∗k,n: k,n ∈N} such that Dk,n ⊂
O∗k,n for every k,n ∈N. Then, for every k,n ∈N, the familyDk,n = {Dk,n∩Oα : α ∈Ak,n}
is a disjoint and open in X cover of Dk,n. Now it is easy to see thatD =⋃{Dk,n: k,n ∈N}
is an open locally finite refinement of G. Thus the proof of Theorem 2 is complete.
Now Theorem 1 follows directly from Theorems 2 and Proposition 1.
5. Example
In this section we exhibit an example of a hereditarily collectionwise normal and
countably paracompact space X that is not (pseudo-)paracompact. This example shows
that our Theorem 1 is neither covered by the Michael’s selection theorem in [5], nor by [10,
Theorem 1.3].
A space X that is hereditarily collectionwise normal, countably paracompact but not
paracompact is constructed by Pol [7]. Here we show that the same X is Dieudonne
complete as well. Hence, X is not pseudo-paracompact (recall, a space is pseudo-
paracompact if its Dieudonne completion is paracompact). To show this, we repeat Pol’s
construction of X.
Let Y be a Banach space of weight ℵ1. Also let {yα: α < ω1} be a dense subset of Y .
For every ξ < ω1 we set Yξ = {yα: α < ξ}. Endow Y with the topology generated by all
sets of the kind U ∩ Yξ for every ξ < ω1, where U is an open subset of Y with respect
to the norm. We denote the resulting topological space by X. As it was mentioned, X is
hereditarily collectionwise normal, countably paracompact but not paracompact [7].
Let us now show that X is Dieudonne complete, i.e., that the topological completion
µ(X) of X (the uniform completion with respect to the finest uniformity on X compatible
with the topology of X) coincides with X. Suppose that there exists x˜ ∈ µ(X)\X. Since X
and Y coincide as sets and the topology of X is stronger than that of Y , the identity mapping
i :X → Y is continuous. Therefore there is a continuous extension µ(i) :µ(X) → Y of
i [6]. Put y = µ(i)(x˜). As in [10], we regard x˜ as a free ultrafilter of nonempty closed
subsets of X. By [10, Lemma 3.2], there is F ∈ x˜, with i(x) = y for every x ∈ F . Since
i is the identity, F must be a single-point set. The last contradicts the assumption that the
ultrafilter x˜ is free (i.e., the elements of x˜ have no common point).
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